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Let P be a finite multigraph; we denote by x(r, x, y) the dichromatic polyno- 
minal of r, as defined by W. T. Tutte in 1953. We prove that, for any planar 
muhigraph r with m edges, x(I’, - 1, - 1) = (- l)m . (- 2)k, where 0 < k < m/2. 
Furthermore, if r is connected, 8 = k - 1 turns out to be a pertinent invariant 
of the medial of I’. 
PRELIMINARIES 
Dichromatic Polynomial 
W. T. Tutte has proved [5] that the following recursive computation rules 
define a polynomial invariant x(T, X, y) of any finite multigraph I’. 
(a) For any r and any regular edge e (i.e., edge which is neither a loop 
nor an isthmus) of r, 
where r/e and r\e, respectively, represent the graphs obtained by contraction 
and deletion of e. 
(b) For any r and any edge-covering of Tinto two subgraphs P and P 
having at most one vertex in common, 
(c) If r is the loop-graph, x(F, x, y) = y and if r is the link-graph, 
x(r, x, JJj = x. 
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Medial of a Plane Graph 
Let T IX a connected planar multigraph and F a plane representation of r. 
The medial graph of F can be described as follows: Place a. vertex in the 
middle of each edge of r. For any face of F, construct a polygon joining the 
midpoints of the consecutive edges bordering the face. The union of these 
polygons constitutes a plane representation C of the medial G of i? This 
medial graph is, at evidence, a regular graph of degree 4. 
FIGURE 1 
Let us consider a planar graph r. The operations of contraction and 
deletion of a regular edge of r can easily be performed on a planar embed- 
ding of the graph. The resulting maps are “compatible” planar embeddings 
of I’/e and l+. 
On the other hand, consider the corresponding representation G of the 
medial graph of F. We call regular vertex of G a vertex which corresponds to 
a regular edge of l7 One can easily prove that this property is independent of 
the representation of G and that a necessary and sufficient condition for a 
vertex of the graph G to be regular is not to be a cut vertex. 
In C, the deletion of the regular vertex x corresponding to the regular 
edge e of r and the connection of the four pending edges in the two possible 
planar ways, define two graphs called reduced graphs of C at x. A straight- 
forward check proves that these reduced graphs are the medials of l+ and 
r\e (see Figure 2). 
Number of Strings of a Planar Graph of Degree 4 
Let G be a planar regular graph of degree 4 and G a plane representation 
of it. We define a binary relation among the set of edges E of G in the 
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following way. Two elements of E are related iff there exists some vertex of G 
such that the two edges are both incident to this vertex but are not consecutive 
in the topological permutation of the edges around the vertex. A transitivity 
class of this binary relation is called a .st&g of the representation and we 
denote by s(G) the number of strings of G. It has been proved by the author 
[l] that the number of strings is in fact an invariant S(G) of the planar 4- 
regular graph G. 
EXAMPLE, Figure 3 shows two distinct representations of a planar 4- 
regular graph whose number of strings is 3. 




THEOREM. For any planar multigraph T, with m edges, x(I’, -1, - 1) = 
(-1)m . (-2)k, where 0 < k < m/2. Furthermore, if .T’ is connected, s = 
k + 1 is the mtmber of strings of the medial graph corresponding to any 
planar representation of .P. 
Proof. First of all, we notice that it is sufficient to prove the proposition 
in the connected case: As a matter of fact, if r is not connected, the poly- 
nomial x(r) is equal to the product rri x(ri) over all the connected components 
ri of r. Thus, as we check that m is the sum of the mi’s and that the relation 
k < m/2 is preserved by summation, the proposition reduces to the connected 
case. 
The proof of the connected case can be performed by induction. 
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There are two one-edge multigraphs. Each of them verifies x(r, -1, - 1) = 
-1 and has a medial composed of one string (Fig. 4). 
If m > 2, the polynomial x(r, x, JJ) may be obtained by addition (Case 1) 
or multiplication (Case 2). 
Cue I. The graph r possesses at least one regular edge e. We denote by -- 
7 a planar representation of r and by I’/e, r\e the representations obtained 
by planar contraction and planar deletion of e. The corresponding represen- 
tations of their medial graphs will be denoted by G, G , and 6 . At last, let 
x be the vertex of G in one-to-one correspondence with e. 
We need to compute x(r, - 1, - 1) = #/e, - 1, - 1) + x(r\e, - 1, - 1). 
By induction hypothesis, this can be expressed as: 
Suppose first that two different strings of G pass through the vertex x. The 
deletion of x and the connection of the pending edges, in the construction of 
G and G (see Fig. 2), make the two strings joined. Thus, s(c) = s(G) = 
s(c) - 1, and, by use of the above formula (1): 
x(r, -1, -1) = (-1)-l . 2 . (4)~tGw 
= (-l)m . (-~)S~Gbl* 
Suppose, a contrario, that the same string passes twice through x. One way 
of connecting the pending edges will leave the string unchanged (in one of the 
reduced graphs, say G), while the other way will split it into two strings in 
the other reduced graph (G). Thus, 
s(G) - I = s(GJ = s(G), 
and formula (1) becomes: 
which completes the proof of the first case. 
Case 2. x(r, X, y) may have been obtained by multiplication. If so, r is 
the union of two planar subgraphs .P and P having a single vertex v in 
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common. Under such an hypothesis, the corresponding medial graph 
possesses a two-edge cutset and may be split into two parts, G’ and g, which 
are respectively the medial graphs of F and p. 
It is clear that ~(3) + .s(2) = ~((7) + 1 and the proof of this case follows 
from this equality. 
The last point to check is that k < m/2. We observe that s strings, arranged 
as to form a plane connected medial graph, define at least 2(~ - 1) vertices. 
As these vertices correspond to the edges of the original graph, we deduce 
that m > 2(~ - 1) and k = s - 1 < m/2. Q.E.D. 
We should notice that the proof of this theorem involves a good deal of 
topological remarks, though the statement of the theorem is not concerned 
with topic. This suggests that the theorem should be trne in any case (and not 
only in the planar one). We propose this generalization as a conjecture. 
Conjecture. For any multigraph r, with m edges, x(J’, -1, -1) = 
(- l)m (-2)7c, where 0 < k < m/2. 
NOTES 
(1) In a 4-regular connected planar graph, our strings appear to be the 
same as Shank’s components [4]. Our result looks like a generalization of his 
Lemma 5 and gives a straightforward proof of his Theorem 4: The fact that 
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the number of spanning trees of G is odd if and only if the medial of G has 
just one string, follows from the fact that x(G, 1, I) and x(G, -1, -1) must 
have same parity. 
(2) We have recently met Rosenstiehl who has found a very nice 
nontopological interpretation of the integer k which enables him to prove 
our conjecture [2, 31. 
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